
Measure Theory with Ergodic Horizons
Lecture 3

Premeasures
.

To define interesting monatomic measures on G-algebras ,

e
. g. the Bonel o-algebra of metric

spaces ,
we first define countably additive functions on algebras and then extend them

to the generated t-algebras .

A ctbly additive function mid-10 ,
03 on an algebra

A with u(0) = 0 is called a premeasure to emphasize that A doesn't needb
be a T-algebra.

Bernoulli premeasure on the cylinder algebra of 2

let pE(0 ,
1) and let I denote the algebra on IN geneted by the cllinders ,

i
.e.

sts ofthe form [W] for some finite word we<. Note Not sets is I are exactly
the finite disjoint unions of cylinders .

We define the Bernoullip) premease on I

by firstly defining its values on cylinders :

((011003) := p
: (1 - p)3

↑ ((w)) : = pos in w)
,-poinu

&

We can extend this to a function onI by setting
↑ (C) :=ZD) ,

where P is some finite partitionfe
into cylinders.

This definition works
,

but we need to show its correctness as well asofbl
additivity. We show correctness (i . e. indepence of representation

of each element of

& as a finite disjoint unies of clinders) and finite additivity together in the

following two claims.
equal-length

Claim (a)
. ↑ is finitely additive on tylinders, b

.e
,

for
may cylinder [W] and meIN,

/(3)=w



·
Proof

. By induction on n
,

it's enough to check the not case:
"

)(w0)) + m((-x) =(- (l- p)+]-p= ( -). \n = 2

I 9999"
Claim (6)

.

Let Cet and let &
,

and Go be two partitions of into cylinders.
Then (a) = (a) :

# IQR ,
Q2
-

Proof
.

Let R be a common element of B ,
and Ou

,
and refining it further,

we
may assure Mat all aglines in R have the same length ,

i
.

e
.
for somene,

all glinders in Rare of the form (2) where we z"

X

- M
1x1 Claim (a)

Claim(a)
&

"FarQ, Q
,
+ B2

Claim (b) implies Wet Mp is well-defined and also that it is whitely additive.

Claim (c)
. Ms is automaticallythey additive beame therewen't any

montrivial
infinite partitions of elements ofI into elements of 2.

Proof. Suppose C= LCn is a partition of CET and each Cate
.

Then

C and the
"E Cn are chopen ,

here Cis compact and In are open , so

the Ca form an open cover of C
,

here there is a finite sabcover
,

but the

pairwise disjointness of the In impliesWhat those In not in this finite cover,

must be empty



lebesque promeasure on IR!

We define this analogously to the Bernoulli premeasure ,
but instead of slinders,

we use boxes
,

i
. e. its of the form F

,
xEx

...XID ,
where each Ip is an inter-

ral in1R
, possibly unbounded

,
e
.g .

(1
,
8) or 20

,
1

.
Let A demote the algebra

geneted by boxes
,

i

. e. The collection of finite disjoint unios of boxes.

We first define the permeasure on boxes :

* (I , <Inx... x[n) : = th(l
1) · th(in) .... : Ih(Id),

where Ch /intervall= Lightendpoint) - left endpoint) and 0 . & := 0.

Now define the potential premeasure on A by: for AEA,

X (A) := [Y(B)
,

for come finite partition R of A into boxes.
B-B

Again we need to prove the correctness of this definition (i . e .

That it doesn't depend
on thehoice of the partition PI , as well an othl additivity .

We again prove

correctuen out finite additivity together in Claims (a) and 16) below.

In Clim (a)
,

the role of equal-length cylinders will be played by grid-
partitious , namely a grid-partition of a box B : = I

, xIzx ... xId is a finite

partition PofBinto boxes of the following forms each Is is partitioned into

intervals I = L I and P=1x Ex ... x I (n ,
ma

, . . . , ua) = NixNex ... x Na] ,Nk

where we view N := 0
,

1
,

2, . . ., N-1). S
B

Claim(a)
. If O is a grid-partition of a box B

,Fill-
IX I

then <(B) = [5(4).
PEP I

Proof
.
This hold trivially for d= 1

,
i

.

e .
for intervals

,



and for general d
,
it follows by induction on a using distributivity law :

(a , + az +... + an) . (b
, + bu +... + be)= dibi-

jal

Claim (6)
. Let B

.,2 be two partitions of an AEA into boxes . Then

[Y(Q) = [Y(Q1).
Q

,G , Q,02
Proof

.
Same us with Bernoulli

,
but using grid-partitious ,

HW.

Claim (3) implies let x is well-defined on A and that it is also finitely addi-
tire

. Unlike the Bernoulli premeasure ,
X on A is notautomatically othly addi-

tire
,
it is possible to have a contrivial infinite partition of a box into boxes :

Also
,
IR" is not compact and boxes are not open.

Claim (s) .

- is atbly additive. T

Proof. We only the special case when a bod box B is partitioned into
infinitely many

boxes : B = Br
.

The general case follows from this

special case and is left as HW.
nEIN

So
,

we suppose that B is bod
.
In the case of Bernoulli

,
we used that B

was compact and the Bu were open ,
while in our lase neither was be true.

However
,

we caneplace B with a closed box B' = B with XIBLB') < 212
for some apriori fixed arbitrary 230

. Similarly ,
we can replace Bu with

N

an open box B . Bu with XIBu\Bu) < E/. 20+. Thus hBubne is an open

cover of the compact set B'
,

hence there is a finite subcover
,

so we can use

finite additivity...


